We present a simple hydrodynamic model to obtain the profiles of the relevant physical quantities along a nozzle of arbitrary cross-section in a cutting torch. The model uses a two-zone approximation (a hot central plasma carrying the discharge current wrapped by a relatively cold gas which thermally isolates the nozzle wall from the plasma). Seeking for a solution with sonic conditions at the nozzle exit, the model allows expressing all the profiles in terms of the externally controlled parameters of the torch (geometry of the torch, discharge current, mass flow of the gas and plenum pressure) and the values of the arc and gas temperatures at the nozzle entrance. These last two values can be estimated simply appealing to energy conservation in the cathode-nozzle region. The model contains additional features compared with previous reported models, while retaining simplicity. The detailed consideration of an arc region coupled to the surrounding gas dynamics allows determining voltage drops and consequent delivered power with less assumptions than those found in other published works, and at the same time reduces the set of parameters needed to determine the solution.
Introduction
In metal cutting plasma process an arc plasma jet is directed on a work piece (the metal to be cut) by generating a transferred arc at atmospheric pressure between a cathode and the work piece acting as the anode. A high-quality cut requires a thin, hot and high-velocity plasma jet. That plasma is created by a narrow constricting nozzle inside the torch, into which the gas-plasma system is injected at a high pressure. The fineness of the nozzle creates a large voltage drop in the plasma along its length, providing intense heating of the plasma-gas particles and associated pressure gradient forces, which accelerate the fluids to large velocities [1] .
Usually, the development of a plasma-cutting torch is based on an empirical optimisation of the device. In this respect, plasma modelling is an important tool to confront with experimental measurements and to reduce the amount of experimental work used for design optimisation.
Although plasma arc cutting processes have had a widespread industrial development, only recently their plasma characteristics and properties have received attention. Ramakrishnan et al [2, 3] measured the arc voltage, the cathodenozzle voltage, the gas pressure at the nozzle's entrance (the so-called plenum chamber) and the diameter of the plasma jet emerging from the nozzle as functions of the torch arc current. The authors presented also a simplified two-zone fluid model in which, owing to the strong dependence of the gas conductivity with the gas temperature, all the discharge current is assumed to circulate through a hot central core inside the nozzle (the arc region, T A ∼ 25000 K), while the remaining structure consists in a relatively cold neutral gas (T G ∼ 1000 − 6000 K) that thermally insulates the nozzle wall from the arc. Assuming sonic conditions at the nozzle exit and a uniform value for the electric field, integral mass and energy balance equations were stated and solved for the exit pressure, arc radius and nozzle potential. A reasonable good agreement with the experimental results was obtained for T A = 25000 K and T G = 3000 K. Nemchinsky [4] improved Ramakrishnan's work by presenting a more detailed model to describe the plasma-gas flow in the nozzle. Again, hot plasma surrounded by a cold gas flow was considered, and the axial and radial profiles of the plasma temperature and the axial profiles of the other hydrodynamic quantities were calculated in terms of the plasma and gas temperatures and the plasma radius at the nozzle entrance. In Nemchinsky's calculations the cold gas was assumed to evolve isothermally, and the arc and gas velocities were assumed to be the same.
The most complete theoretical plasma studies in cutting torches were presented by González-Aguilar et al [5] and Freton et al [6] . In Ref. [5] , a three-dimensional numerical code was developed, which allowed to make predictions on arc voltage, heat transfer to the work piece and pressure exerted by the plasma jet on the material at the cutting region. The code showed good agreement with the experimental arc voltage. In Ref. [6] , a two-dimensional turbulent code was presented and compared with spectroscopic measurements. It was found that turbulence effects were important, mainly in the outer region of the torch (between the nozzle exit and the work piece).
We present in this work a one-dimensional model for the fluid transport along the nozzle of a cutting torch. This approach is justified because in all practical nozzle geometries the nozzle length is much larger than its radius. It should be borne in mind that the present approach does not replace more complete and detailed results obtained from the quoted numerical codes, but it should be taken as a complementary tool to obtain a zero-order solution for the plasma inside the nozzle.
By employing the two-zone approximation, and seeking for a solution with sonic conditions at the nozzle exit, the model gives the spatial profiles of the hydrodynamic quantities and the plasma voltage along a nozzle of arbitrary cross section in terms of the externally controlled torch parameters (discharge current, the geometry of the nozzle, the pressure value at the plenum chamber, the gas mass flow injected in the torch), and the values of T A and T G at the nozzle entrance. These last two values can be estimated by applying a general energy conservation principle in the cathode-nozzle region. All other quantities at the nozzle entrance are determined by the model, and, besides, it will be shown that their values at the nozzle exit depend only weakly on the T A and T G values. Radiative and conductive heat losses from the arc are taken into account, as well as a partial absorption of these losses in the surrounding gas. Predictions of the model are compared with experimental results taken from Ref. [3] and to some extent, with numerical results presented in Ref. [5] .
Equations of the model
If the flow in the nozzle is considered to be stationary and axially symmetric, the continuity, axial and radial momentum, and energy conservation equations can be written respectively as
where z is the axial coordinate, r the radial coordinate, u is the axial velocity, v the radial velocity, ρ is the fluid density, h its enthalpy, T its absolute temperature, j is the axial electric current density, V the electrostatic potential, ϕ is the density of radiation power either absorbed or emitted, and k the thermal conductivity. In the last three equations, assuming the main flow to be in the axial direction, the radial velocity has been neglected, as well as the radial component of electric current density. Moreover, viscous effects were neglected and axial derivatives of T were also neglected as compared to radial derivatives in the heat transfer term (it was verified in the solutions obtained below that the heat conduction in the axial direction was negligible compared to the terms retained and that the viscous forces in the core of the flow and in the boundary layer at the wall were small compared to the pressure gradient forces).
Consistent with the above approximations we have the following equation for the electrostatic potential
where σ is the electrical conductivity. Note that in this problem the magnetic pressure
A , where I is the total arc current and R A the arc radius, is negligible compared to the thermal pressure: for the typical values I = 100 A and R A = 5 × 10 −4 m one obtains p M = 1.3 kPa, which is much smaller than the thermal pressure as the arc operates at or above atmospheric pressure.
We further consider two well different regions: an internal region of radius R A (z) where all arc current circulates, characterised by high temperature and high electrical conductivity, denominated the arc region, and an external region between R A (z) and the nozzle radius R N (z), of much lower temperature assumed as an electrically non conducting gas, denoted as the gas region. We will consider in this work only straight nozzles (R N = const.). No mixing between the hot arc and the cold gas is assumed, since it has been shown [7] that turbulence (leading to a mixing between arc and gas) develops in the diverging region of the nozzle. A sketch of the flow geometry is shown in Fig. 1 . If Eq. (1a) is multiplied by 2πr and radially integrated between r = 0 and r = R A (z) one obtains the mass conservation for the arc region. Analogously, integrating between r = R A (z) and r = R N (z), one obtains the mass conservation for the gas region. The results are
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where it was used that We further model each region as having uniform characteristics in the radial direction, so that, for instance, we define a uniform arc temperature T A (z) for 0 ≤ r ≤ R A (z) and a uniform gas temperature
Using these constant by pieces radial profiles Eqs. 
where the last equation expresses the uniformity of pressure in the radial direction,ṁ A andṁ G (ṁ A +ṁ G =ṁ = const.) are the mass flow rates in the arc and gas regions, respectively, χ is the rate of energy density lost by the arc region by thermal conduction, ϕ A is the density of radiation power emitted from the arc, ϕ G that absorbed by the gas, and C A p and C G p are the specific thermal capacities at constant pressure for the arc and gas, respectively, defined as C p = ∂h/∂T ) p . The heat loss from the gas to the nozzle wall was neglected as compared to the heat received from the arc region, and Eq. (2) was used in Eq. (4c) with j = I/ πR 2 A to rewrite the Joule heating. The expression of χ and the approximation used to model it are
where k G is the thermal conductivity of the gas and λ is a numerical constant of order unity used as a parameter of the model. Since
, and ϕ G are given as functions of the thermodynamic variables of the corresponding regions, the system (4) is closed once the equation of state is given for each region. A given solution is obtained if the mass ratesṁ A andṁ G , and the geometry of the nozzle R N (z) are specified, and the values of velocities, densities and temperatures, compatible with Eq. (4g), given at some axial position.
As with the much simpler problem of adiabatic flow in a nozzle, the system (4a)-(4g) has sonic points where some of the equations become singular. To study this problem it is convenient to consider the generic equations for either the arc (Eqs. (4a)-(4c)) or the gas region (Eqs. (4d)-(4f)) written as:
where Eq. (6a) is the derivative of the logarithm of either Eq. (4a) or Eq. (4d), S is the cross section of the given region (arc or gas) and W represents the rate of change of specific heat (the sum of Joule heating, heat loss by conduction, and radiated power for the arc region, and heat gained by conduction plus absorbed radiation power for the gas region). Given the equation of state, the pressure derivatives are written as dp dz
and so Eqs. (6a)-(6c) represent a linear system for the derivatives of u, T and ρ. The condition of zero determinant of the matrix of coefficients of this system determines the singular point:
which corresponds to the point where the velocity takes on the value of the sound velocity defined by
All physical magnitudes must have finite derivatives at this sonic point, so that, solving for the derivatives and imposing that for each of them the factor that multiplies Det −1 must be equal to zero at the sonic point, one obtains the unique condition for this to happen
In this way, if the flow of either the arc or the gas region reaches the sonic velocity at a given axial position, the derivative of the section of the region at that point must be given by Eq. (10) for the solution to be physically acceptable.
To solve the system (4a)-(4g), equations of state for the arc and gas must be supplied. Ideal gas expressions were employed of the form:
where α is the degree of ionization in the arc and it was assumed that T G is low enough so that ionization or dissociation (in the case of a molecular gas) are negligible in this region. α was evaluated from Saha equation [8] assuming LTE equilibrium. Other coefficients of the problem like
and σ were obtained from Ref. [9] for the temperature range 300 − 45000 K. Radiative losses from the arc were included by considering that the total radiation field is composed by ∼ 50% of continuous radiation and another 50% of line radiation [10, 11] . The surrounding gas is considered to be transparent to continuous radiation but opaque to line radiation.
Results
The radiation term in Eq. (6c) is always positive in our case because, for the arc, the radiated power plus the conductive heat loss is a fraction of the Joule heating, while the gas always receives heat from the arc. Eq. (10) then imposes that the cross section of the region that reaches sonic velocity must be increasing at that point. In the case of a straight nozzle if the cross section increases for one region it decreases for the other, so that the gas and the arc flow cannot reach the sonic velocity simultaneously. It is well known [12] from the theory of single flows in finite nozzles of constant cross section that if the flow is always heated (W > 0 at all points) it is either subsonic at all points or becomes sonic only at the nozzle exit. If more heat is added to a flow that was sonic at the nozzle exit, the conditions at the nozzle entry adjust so that again the flow becomes sonic at the exit. We will follow the guidelines given by this simpler quoted case and consider that the strongly heated arc flow becomes sonic at the nozzle exit. This condition is commonly used in torch models and is well verified in numerical simulations [5, 6] .
The actual solution of the system (4a)-(4g) then proceeds as follows: the mass flowṁ in the nozzle is a given parameter as well as the plenum pressure p 0 at which this flow is injected in the nozzle entry. If only the temperatures T A and T G are fixed at the nozzle entry, the condition on the pressures p A = p G = p 0 also determines the densities ρ A and ρ G at that point. On the other hand one hasṁ =ṁ A +ṁ G , so that once a value of, say,ṁ G and a value of R A are chosen at the nozzle entry, the velocities u A and u G are determined at that point by Eqs. (4a) and (4d), and the system (4a)-(4g) can be integrated. There are however unique values ofṁ G and of R A that ensure that either u A or u G (whichever does it first) becomes sonic at the nozzle exit and simultaneously condition (10) is satisfied at the same point. In this way, given the values of both temperatures at the nozzle entry there is only a physically acceptable solution for givenṁ, p 0 and nozzle dimensions.
In the Figs. 2 spatial profiles obtained from the model are presented for a nozzle with I = 100 A, R N = 0.75 mm, L = 3.9 mm, operated with N 2 gas, p 0 = 0.45 MPa, and withṁ = 0.42 g/s. These parameters correspond to one of the experimental cases presented by Ramakrishnan et al [3] . The numerical parameter that regulates the arcgas heat exchange by thermal conduction (Eq. (8)) was taken λ = 1. In Fig. 2a (Fig. 2b) ), T A (z) (Fig. 2c) ), T G (z) (Fig. 2d) ), u A (z) (Fig. 2e) ), and u G (z) (Fig. 2f) ), arc Mach number M A (Fig. 2g) ), and gas Mach number M G (Fig. 2h) .44 kW, respectively) almost coincides with the power carried by the arc and gas (enthalpy plus kinetic energy fluxes), indicating that radiative losses are not very relevant. The power delivered into the arc is typically 10 times larger than that carried by the gas, and the enthalpy flux largely exceeds the corresponding kinetic energy flux, for both the arc and gas systems. It can be seen from Fig. 2a ) that the arc radius expands along the nozzle for T A (z = 0) = 10000 or 15000 K, but slightly contracts for the highest temperature considered. However, the final arc radius at the nozzle exit, R A (z = L) 0.47 − 0.48 mm, results almost independent of T A (z = 0), (the numerical differences in the values of R A (z = L) are indistinguishable from an experimental point of view) and its value is close to that measured in Ref. [3] . Fig. 2b) shows a decreasing profile of p(z), which again results only slightly dependent on T A (z = 0). The total pressure drop in the nozzle is approximately 0.2 MPa. From Fig. 2c ) it can be seen that T A (z) monotonically increases along the nozzle, but reaches a final value again almost independent of its entrance value. The gas temperature also increases along the nozzle, with a profile only slightly depending on T A (z = 0). From Fig. 2e ) and 2f) it can be seen that the arc and gas velocities continuously increases with z, and show also very weak dependence on T A (z = 0). In Figs. 2.g ) and 2.h) the Mach numbers are seen to increase continuously; in all the cases considered the arc reaches sonic conditions at the nozzle exit, which is not clearly appreciated in the figures as the final increase is very steep and is not shown. To illustrate the results of the model for different input parameters, in Table I are presented several quantities at the nozzle entrance and exit for the quoted nozzle geometry and for T A (z = 0) = 10000, 15000 and 20000 K, T G (z = 0) = 1000 and 2000 K and I = 40, 100 and 160 A. The values of the discharge current correspond to cases in which the arc radius at the nozzle exit was experimentally determined [3] . It can be seen from the Table that for a given value of T A (z = 0), the values of the arc and gas temperatures and velocities at the nozzle exit are only weakly dependent on I. The most important changes in the quantities appear at the nozzle entrance, where an increase of I is associated with a thicker arc carrying a higher mass at z = 0. The total pressure and voltage drops along the nozzle both increase as I increases. An increase in the T G (z = 0) value produces also thicker arcs with higher masses at the nozzle entrance, and a colder and slower plasma but a hotter and faster gas at the nozzle exit. The pressure and voltage drops along the nozzle both decrease in this case. The arc in the nozzle can be expanding (for small T A (z = 0) and T G (z = 0) values), or contracting in the opposite case.
To investigate the influence of the heat power exchanged between the arc and gas by thermal conduction, the parameter λ that regulates this process was varied between 0.2 and 5 (that is, a 25-fold total variation). It was found that the quantities at the nozzle exit depended very weakly on λ, but again the values of the quantities at the nozzle entrance changed strongly with λ. A large λ value produces a thick and slow arc, and, correspondingly, a thin and fast gas at the nozzle entrance. However the quantityṁ G /ṁ remains practically unaltered.
It is worth comparing the numerical results with experimental data reported in [3] with a similar torch. The experimental arc radius reported in [3] were: for I = 40 A, R A (z = L) = 0.33 mm; for I = 100 A, R A (z = L) = 0.51 mm; and for I = 160 A, R A (z = L) = 0.57 mm.
These values are close to the values shown in Table I for T G (z = 0) = 1000 K and for the highest T A (z = 0) values. Other values of R A (z = L) reported in [3] for different I values are also rather well reproduced in our calculations.
In practice, the values of T A (z = 0) and T G (z = 0) can be somewhat determined by applying a general energy conservation principle in the cathode-nozzle region. The power supplied into the arc in this region can be estimated
, where L cn is the distance between the cathode surface and the nozzle entrance. In turn, W cn should be equal to the power carried by the arc-gas system at the nozzle entrance (W ), given as:
(the initial enthalpy and kinetic energy of the gas can be neglected). For instance, taking again the case with I = 100 A with the torch geometry published in [3] (L cn = 2 mm), W cn W 4 kW for T A (z = 0) = 18000 K, and T G (z = 0) = 1100 K. With these values, the quantities at the nozzle exit take the following values:
It must be noted that the sensitivity of the equation W cn W to changes of T A (z = 0) is much larger than that corresponding to changes of T G (z = 0), due to the fact that the power carried by the plasma is much larger than that carried by the gas. Hence, this equation is employed basically to specify T A (z = 0). Given the low sensitivity of the exit values of the quantities to T G (z = 0), it is not necessary to determine this value very accurately.
Discussion and final remarks
We have developed a simple and low computing time model which allows to obtain the profiles of the relevant physical quantities along a nozzle in a cutting torch, in terms of the externally-controlled parameters of the torch (geometry of the torch, discharge current, mass flow of the gas and plenum pressure) and the values of the arc and gas temperatures at the nozzle entrance. From a general energy conservation principle applied to the cathode-nozzle region, these last values (mainly the arc temperature) are in turn relatively fixed by the external torch parameters. Although the results presented in this work are restricted to straight nozzles, it is worth noting that the model is valid for nozzles of arbitrary cross-section.
The model contains additional features compared with previous reported models, while retaining simplicity. The detailed consideration of an arc region coupled to the surrounding gas dynamics allows determining voltage drops and consequent delivered power with less assumptions than those in Refs. [2, 3] , and at the same time reduces the set of parameters needed to determine the solution. Compared with the model in Ref. [4] , it removes the conditions of isothermal evolution of the gas and of equal velocities of arc and gas flows, which are not well verified in the simulations in of Refs. [5, 6] as deduced from the temperature and Mach number profiles in the nozzle region. Moreover, Steenbeck's principle is not required to determine the initial arc radius, as was done in Ref. [4] .
Comparison with the much more complete existing codes is not easy as much freedom exists in the determination of arc and gas regions and their averaged magnitudes. An exception is the pressure, which is rather uniform in the nozzle section for each axial position, and at the same time its change along the nozzle is very sensitive to different arc parameters. We have verified that the pressure drops in the nozzle presented in Ref. [5] are well reproduced by our onedimensional model. For instance, in the case with I = 50 A and mass flow of 20 lpm, according to our model the pressure drops from 2 atm at the nozzle entrance to 1.3 atm at the exit, while for a mass flow of 40 lpm the drop is from 3.2 atm to 2.1 atm. These values are in good agreement with the reported pressure changes between plenum chamber and pressure at the sonic point (in the simulations the sonic point is sometimes reached inside the nozzle, very close to the exit; and a significant, up to 0.4 atm, additional pressure drop is verified between this point and the actual exit).
A particularly convenient feature of the model is that given the values of relatively simple to measure quantities as gas flow and plenum pressure, together with nozzle dimensions, the assumption of sonic condition at the nozzle exit reduces the required parameters to only two temperatures, which in turn can be simply estimated appealing to energy conservation in the cathode-nozzle region. In this sense the model is predictive, which together with its simplicity, makes it valuable for design purposes.
